We study relations between two log minimal models of a fixed lc pair. For any two log minimal models of an lc pair constructed with log MMP, we prove that there are small birational models of the log minimal models which can be connected by a sequence of flops, and the two log minimal models share some properties. We also give examples of two log minimal models of an lc pair which have different properties.
Introduction
Throughout this paper we work over the complex number field C, and log minimal model means log minimal model in the classical sense ( [KM, Definition 3.50] ).
For any projective lc pair whose log canonical divisor is pseudo-effective, it is expected that there exists at least one log minimal model of the lc pair. The main technique to construct a log minimal model is the log minimal model program (log MMP, for short), and it is conjectured that all log MMP terminate after finitely many steps. In the case of surfaces, it is known that log minimal model of any lc surface is unique. On the other hand, when the dimension of the underlying variety of an lc pair is more than two, log minimal models of the lc pair are not uniquely determined. Therefore, it is natural to investigate relations between resulting log minimal models of log MMP starting with a fixed lc pair. It is known by Birkar-Cascini-Hacon-M c Kernan that any two Q-factorial log minimal models of a klt pair with a big boundary divisor are connected by a sequence of flops ( [BCHM, Corollary 1.1.3] ). On the other hand, Kawamata [Ka] proved that any birational map between two Q-factorial terminal pairs over a variety with relatively nef log canonical divisors can be decomposed into a sequence of flops. In this paper, we aim to generalize these results to not necessarily Q-factorial lc pairs. Recently, the author and Hu [HH] proved that for any not necessarily Q-factorial lc pair over a variety, if its Q-factorial dlt model has a log minimal model then we can run a log MMP for the lc pair terminating with a log minimal model. So it is natural to consider generalizations to lc pairs. For any two log minimal models (X, ∆) and (X ′ , ∆ ′ ) of a given lc pair constructed by running log MMP, the naturally induced birational map φ : X X ′ has three important properties: φ is small (i.e., isomorphic in codimension one), φ * ∆ = ∆ ′ , and there is an open subset U ⊂ X such that φ is an isomorphism on U and all lc centers of (X, ∆) intersect U. Taking this into consideration, in this paper, we deal with lc pairs (X, ∆) and (X ′ , ∆ ′ ) over a variety Z such that K X + ∆ and K X ′ + ∆ ′ are nef over Z and there is a birational map φ : X X ′ satisfying the three conditions stated above. The following theorems are main results of this paper.
Theorem 1.1. Let π : X → Z and π ′ : X ′ → Z be projective morphisms from normal quasi-projective varieties to a quasi-projective variety Z, and let (X, ∆) and (X ′ , ∆ ′ ) be lc pairs such that K X + ∆ and K X ′ + ∆ ′ are nef over Z. Suppose that there is a small birational map φ : X X ′ over Z such that • ∆ ′ = φ * ∆, and • there is an open subset U ⊂ X on which φ is an isomorphism and all lc centers of (X, ∆) intersect U.
Then, there are projective small birational morphisms f : X → X and f ′ : X ′ → X ′ from normal quasi-projective varieties such that f and f ′ are compositions of extremal contractions and the induced birational map
satisfying the following property: ( * ) For any 0 ≤ i < l, the birational morphisms X i → V i and X i+1 → V i of the flop are extremal contractions. In particular, X i is Q-factorial if and only if X i+1 is Q-factorial for any 0 ≤ i < l, and each ϕ i induces an isomorphic linear map ϕ i * :
Theorem 1.2. Let π : X → Z, π ′ : X ′ → Z, (X, ∆), (X ′ , ∆ ′ ) and φ : X X ′ be as in Theorem 1.1. Then the followings hold true.
• X has a small Q-factorialization if and only if X ′ has a small Q-factorialization,
• there is an isomorphism R p π * O X ∼ −→ R p π ′ * O X ′ of sheaves for any p > 0, and • for any Cartier divisor D on X such that D ≡ Z r(K X + ∆) for an r ∈ R, the birational transform φ * D is Cartier and φ * D ≡ Z r(K X ′ + ∆ ′ ).
For definition of extremal contractions, see Definition 2.1. We emphasize that D and φ * D in the third assertion of Theorem 1.2 are Cartier. In proofs of the main results, a result of non-Q-factorial log MMP ([HH, Theorem 1.7]) plays a crucial role.
By Theorem 1.2, we obtain the following result.
Corollary 1.3. Let X → Z be a projective morphism from a normal quasi-projective variety to a quasi-projective variety and (X, ∆) an lc pair such that ∆ is a boundary Q-divisor. Let (X, ∆) (Y, Γ) and (X, ∆) (Y ′ , Γ ′ ) be two sequences of steps of the (K X + ∆)-MMP over Z to log minimal models. Then the followings hold true.
• the Cartier index of
Unfortunately, there are two (not necessarily Q-factorial) log minimal models of an lc pair which cannot be connected by a sequence of flops (see Example 4.1). In addition to this example, in Section 4, we introduce various examples related to the main results. In Example 4.2, we give a flop for an lc pair which does not satisfy the condition ( * ) in Theorem 1.1. In Example 4.3, we give two projective lc pairs with nef log canonical divisors such that the two lc pairs are isomorphic in codimension one but the assertion of Theorem 1.1 and the three assertions of Theorem 1.2 does not hold (for the second assertion of Theorem 1.2, see also Example 4.4). In particular, Example 4.3 shows that to prove the same conclusions as in Theorem 1. [Ko, Exercise 96 ] (see also [F2, Example 7.7] ), and these examples are similar to [F3, Example 3.13.9 ] by Fujino, which shows that flops do not always preserve dlt property.
The contents of this paper are as follows: In Section 2, we collect some definitions. In Section 3, we prove Theorem 1.1, Theorem 1.2 and Corollary 1.3. In Section 4, we give some examples.
Preliminaries
Divisors and morphisms. Let π : X → Z be a projective morphism from a normal variety to a variety, and let D 1 and D 2 be two R-Cartier divisors on X. Then D 1 and D 2 are numerically equivalent over Z, denoted by D 1 ≡ Z D 2 , if (D 1 · C) = (D 2 · C) for all curves C ⊂ X contained in a fiber of π. When D 1 ≡ Z 0, we say D 1 is numerically trivial over Z. Let N 1 (X/Z) R be the R-vector space consisting of all R-Cartier divisors on X modulo numerical equivalence over Z. Then the relative Picard number ρ(X/Z) is defined by the dimension of N 1 (X/Z) R . It is known that ρ(X/Z) < ∞. When Z is a point we remove Z in the above notations, i.e., D 1 ≡ D 2 , D 1 ≡ 0, N 1 (X) R , and ρ(X).
Definition 2.1 (Contraction and extremal contraction, see also [KM, Definition 3.34] ). Let f : X → Y be a projective morphism from a normal variety to a variety. Then f is a contraction if f is surjective and has connected fibers. A contraction f is an extremal contraction if for any two Cartier divisors D 1 and D 2 , there are a 1 , a 2 ∈ Z which are not both zero and a Cartier divisor
Singularities of pairs. A pair (X, ∆) consists of a normal variety X and a boundary R-divisor ∆ on X such that K X + ∆ is R-Cartier. For any pair (X, ∆) and any prime divisor P over X, we denote by a(P, X, ∆) the discrepancy of P with respect to (X, ∆). In this paper, we use the standard definitions of Kawamata log terminal (klt, for short) pair, log canonical (lc, for short) pair and divisorially log terminal (dlt, for short) pair as in [BCHM] . When (X, ∆) is an lc pair, an lc center of (X, ∆) is the image on X of a prime divisor P over X whose discrepancy a(P, X, ∆) is equal to −1.
Models. We define some models used in this paper.
Definition 2.2. In this paper, weak lc models, log minimal models and log canonical models are defined in the classical sense ( [KM, Definition 3.50] ).
Let (X, ∆) be an lc pair and X → Z a projective morphism to a variety. Let X ′ → Z be a projective morphism from a normal variety and let φ :
In this paper, we do not assume log minimal models to be Q-factorial or dlt. Thanks to [HH, Theorem 1.7] , if an lc pair has a weak lc model in the sense of Definition 2.2 and all the varieties are quasi-projective, then the lc pair has a log minimal model in the sense of Definition 2.2.
For any lc pair (X, ∆) on a normal quasi-projective variety X, we can construct a dlt blow-up (Y, Γ) → (X, ∆) of (X, ∆) as in [F1, Theorem 10.4] or [KK, Theorem 3.1] .
Definition 2.3 (D-flip). Let X → Z be a projective morphism from a normal variety to a variety and D an R-Cartier divisor on X. A birational morphism f :
• f is small, i.e., f is an isomorphism in codimension one, and • −D is ample over V . Let f ′ : X ′ → V be a projective birational morphism over Z from a normal variety X ′ , and let ϕ : X X ′ be the induced birational map. Then f ′ is a flip of f if • f ′ is small, and • ϕ * D is R-Cartier and ample over V . We sometimes call the whole diagram D-flip.
Definition 2.4 (flop (cf. [F2, Definition 7.5] ) and symmetric flop). Let X → Z be a projective morphism from a normal variety to a variety, and let (X, ∆) be an lc pair. In this paper, a flop for K X + ∆ over Z consists of the following diagram
• f ′ is a flip of f , and • K X + ∆ ≡ V 0. In this paper, with notations as above, a flop for K X + ∆ over Z is a symmetric flop if
• both f and f ′ are extremal contractions.
In general, flops are not always symmetric flops (see Example 4.2).
Lemma 2.5. With notations as in Definition 2.4, the following properties hold true for symmetric flops.
and • the map ϕ induces an isomorphic linear map ϕ * : N 1 (X/Z) R → N 1 (X ′ /Z) R , in particular, the equality ρ(X/Z) = ρ(X ′ /Z) holds.
Proof. The first property is clear. To prove the second property, pick an R-divisor G on X, and suppose that G is R-Cartier. Since −D is ample over V and f is an extremal contraction, we can find a real number r such that G−rD is R-linearly equivalent to the pullback of an R-Cartier divisor on V . By taking the birational transform on X ′ , we see that ϕ * G − rϕ * D is R-linearly equivalent to the pullback of an R-Cartier divisor on V .
Since ϕ * D is R-Cartier, ϕ * G is also R-Cartier. The converse can be proved in the same way. For the third property, we can easily check from the second property that there are natural linear maps ϕ * : 
Proofs of main results
Proposition 3.1. Let X → Z and X ′ → Z be two projective morphisms from normal quasi-projective varieties to a quasi-projective variety Z, and let (X, ∆) and (X ′ , ∆ ′ ) be lc pairs such that K X + ∆ and K X ′ + ∆ ′ are nef over Z. Suppose that there is a small birational map φ : X X ′ over Z such that • ∆ ′ = φ * ∆, and • there is an open subset U ⊂ X on which φ is an isomorphism and all lc centers of (X, ∆) intersect U.
Then, there exists a projective small birational morphism ψ : X → X from a normal quasi-projective variety such that
• ψ is an isomorphism over U, and
is lc and all lc centers of the pair are lc centers of (Y ′ , Γ ′ ). Then all lc centers of (
has a good minimal model over X. In this way, we see that (Y ′ , Γ ′ + tA Y ′ ) has the log canonical model over X.
Let (Y ′ , Γ ′ + tA Y ′ ) (X, ∆ X + tA X ) be the birational contraction over X to the log canonical model, where ∆ X (resp. A X ) is the birational transform of Γ ′ (resp. A Y ′ ) on X. Let ψ : X → X be the induced birational morphism. We prove that ψ is isomorphic over U and small. By ( * ), the restriction of
In this way, we see that ψ is small. From these facts, we see that ψ is isomorphic over U and small.
Finally, we prove that ψ is the desired birational morphism. But it is obvious from construction. Indeed, ψ is small and it satisfies the first condition of Proposition 3.1. Moreover the divisor tA ′ satisfies the second condition of Proposition 3.1.
Lemma 3.2. Let X → Z be a projective morphism from a normal variety to a variety. Let W → Z be a projective morphism from a Q-factorial variety to Z such that there is a birational contraction W X over Z. Then ρ(W/Z) ≥ ρ(X/Z).
Proof. Take a common resolution f : W → W and g : W → X of the map W X. For any R-Cartier divisors D 1 and D 2 on X, if D 1 − D 2 ≡ Z 0 then g * D 1 − g * D 2 ≡ Z 0, and f * g * D 1 − f * g * D 2 ≡ Z 0 by the negativity lemma. Thus, we can define a linear map f * g * :
For any R-Cartier divisors D 1 and D 2 on X, if f * g * D 1 ≡ Z f * g * D 2 then we have D 1 ≡ Z D 2 since D 1 and D 2 are the birational transforms of f * g * D 1 and f * g * D 2 on X, respectively. In this way, we see that the linear map f * g * :
Lemma 3.3. Let (X, ∆) be an lc pair and ψ : X ′ → X a projective small birational morphism of normal quasi-projective varieties. Suppose that there exists an open subset U ⊂ X over which ψ is an isomorphism and all lc centers of (X, ∆) intersect U.
Then the followings hold true.
• ψ is an isomorphism or a composition of extremal contractions, and
Proof. Since ψ is small, we may assume that codimension of [F3, Theorem 5.6.4] . We prove the second and the third assertion of Lemma 3.3 by induction on ρ(X ′ /X). If ρ(X ′ /X) = 0, then ψ is an isomorphism and the third assertion is clear. So suppose ρ(X ′ /X) > 0. The pair (X ′ , ψ −1 * ∆+G ′ ) is lc and the divisor K X ′ +ψ −1 * ∆+G ′ is in particular not nef over X. By the cone and contraction theorem ([F3, Theorem 4.5.2]), there is an extremal contraction f : X ′ → X ′′ over X. Furthermore, [F3, Theorem 4.5 .2 (4) (iii)] shows that for any Cartier divisor D ′ on X ′ , if D ′ ≡ X 0 then there is a Cartier divisor D ′′ on X ′′ such that D ′ ∼ f * D ′′ and D ′′ ≡ X 0. Since the morphism ψ : X ′ → X is an isomorphism over U and small, so is the morphism X ′′ → X. We denote X ′′ → X by g. It is clear that ρ(X ′′ /X) < ρ(X ′ /X), therefore we can apply the induction hypothesis to g. In this way, we see that ψ is a composition of extremal contractions, and there is a Cartier divisor D on X such that D ′′ ∼ g * D.
Then
Thus the second and the third statement hold.
Theorem 3.4. Let π : X → Z and π ′ : X ′ → Z be projective morphisms from normal quasi-projective varieties to a quasi-projective variety Z, and let (X, ∆) and (X ′ , ∆ ′ ) be lc pairs such that K X + ∆ and K X ′ + ∆ ′ are nef over Z. Suppose that there is a small birational map φ : X X ′ over Z such that • ∆ ′ = φ * ∆, and • there is an open subset U ⊂ X on which φ is an isomorphism and all lc centers of (X, ∆) intersect U.
Furthermore, the following two conditions hold true.
(a) f and f ′ are isomorphisms over U and φ(U) respectively, and (b) for each i and morphisms g i :
Proof. By taking a common resolution of φ : X X ′ and the negativity lemma, we have a(P, X, ∆) = a(P, X ′ , ∆ ′ ) for any prime divisor P over X. Therefore, the set φ(U) intersects all lc centers of (X ′ , ∆ ′ ). We prove that there are projective small birational morphisms f : X → X and f ′ : X ′ → X ′ from normal quasi-projective varieties such that f and f ′ satisfy property (a) of Theorem 3.4 and the two lc pairs (X, f −1 * ∆) and (X ′ , f ′−1 * ∆ ′ ) are connected by a sequence of symmetric flops which satisfy property (b) of Theorem 3.4. If we can obtain these birational maps, then f and f ′ are compositions of extremal contractions by Lemma 3.3, from which Theorem 3.4 holds true. In this way, it is sufficient to prove the statement. We fix a smooth variety Y projective over Z such that there are birational contractions Y X and Y X ′ over Z. We prove Theorem 3.4 by induction on ρ(Y /Z) − max{ρ(X/Z), ρ(X ′ /Z)}.
We start the induction with the case where ρ(Y /Z) − max{ρ(X/Z), ρ(X ′ /Z)} = −1. But the case cannot happen because of Lemma 3.2, thus we settle the starting point of the induction.
From now on, we assume ρ(Y /Z)−max{ρ(X/Z), ρ(X ′ /Z)} ≥ 0. By switching (X, ∆) and (X ′ , ∆ ′ ) if necessary, we may assume ρ(X/Z) ≥ ρ(X ′ /Z). By Proposition 3.1, there is a projective small birational morphism ψ :X → X from a normal quasi-projective variety such that
• ψ is an isomorphism over U, and • there is an ample R-divisor A ′ ≥ 0 on X ′ such that (X ′ , ∆ ′ + A ′ ) is lc and if we setĀ as the birational transform of A ′ onX, then KX + ψ −1 * ∆ +Ā is R-Cartier and the pair (X, ψ −1 * ∆ +Ā) is lc. Note that (X,∆) is lc and KX +∆ is nef since KX +∆ = ψ * (K X +∆). By construction, the set ψ −1 (U) intersects all lc centers of (X,∆) and the composition φ • ψ :X X ′ is an isomorphism on ψ −1 (U). Therefore, the lc pairs (X,∆) and (X ′ , ∆ ′ ) and the map φ • ψ :X X ′ over Z satisfy the hypothesis of Theorem 3.4. It is obvious that
From this and argument in the first paragraph, we may replace (X, ∆) with (X,∆). In this way, replacing (X, ∆), we may assume that there is an ample R-divisor A ′ ≥ 0 on X ′ such that (X ′ , ∆ ′ + A ′ ) is lc, A := φ −1 * A ′ is R-Cartier and the pair (X, ∆ + A) is lc.
For any t ∈ (0, 1), the pair (X ′ , ∆ ′ + tA ′ ) is lc and K X ′ + ∆ ′ + tA ′ is ample over Z. So the pair (X ′ , ∆ ′ + tA ′ ) is the log canonical model of (X, ∆ + tA) over Z. In particular, (X, ∆ + tA) has a good minimal model over Z for any t ∈ (0, 1). By argument of length of extremal rays ([F1, Section 18] and [F3, Theorem 4.7 .2], see also [H, Remark 2 .13]), we can find ǫ ∈ (0, 1) such that the birational transform of K X + ∆ is trivial over all extremal contractions of any sequence of steps of the (K X + ∆ + ǫA)-MMP over Z. By [HH, Theorem 1.7] , there exists a sequence of steps of a (K X + ∆ + ǫA)-MMP over Z
terminating with a good minimal model (X l , ∆ l + ǫA l ). Then all maps X i X i+1 are flips since K X + ∆ + ǫA is movable over Z. Since (X ′ , ∆ ′ + ǫA ′ ) is the log canonical model of (X, ∆ + tA) over Z, there is a natural small birational morphism ψ ′ : X l → X ′ such that ∆ ′ = ψ ′ * ∆ l . For each 0 ≤ i < l, we denote the birational map X i X i+1 by ϕ i . As in [HH, Remark 6.1 (2)] and [HH, Proof of Proposition 6.2], each birational map ϕ i induces an injective linear map ϕ i * :
Now there are two possibilities: ρ(X/Z) < ρ(X l /Z) and ρ(X/Z) = ρ(X l /Z).
First we assume ρ(X/Z) < ρ(X l /Z). Because the stable base locus of K X + ∆ + ǫA over Z is contained in X \ U, by basic properties of log MMP, the induced birational map X X l is an isomorphism on U, and the image of U on X l is ψ ′−1 (φ(U)). Since K X l + ∆ l = ψ ′ * (K X ′ + ∆ ′ ), all lc centers of (X l , ∆ l ) intersect ψ ′−1 (φ(U)). In this way, the birational map (X, ∆) (X l , ∆ l ) over Z satisfies the hypothesis of Theorem 3.4. Now we have ρ(X/Z) = max{ρ(X/Z), ρ(X ′ /Z)}, therefore
The argument in the first paragraph shows that we may replace (X ′ , ∆ ′ ) with (X l , ∆ l ). Replacing (X ′ , ∆ ′ ) with (X l , ∆ l ) and by the induction hypothesis of Theorem 3.4, we see that Theorem 3.4 holds in this case.
Next, we assume ρ(X/Z) = ρ(X l /Z). Then ρ(X i /Z) = ρ(X i+1 /Z) for any 0 ≤ i < l. We prove that the sequence of birational maps X X l satisfies all the conditions of Theorem 3.4, in other words, X X l is a sequence of symmetric flops which satisfy property (b) of Theorem 3.4. Note that the birational map X X l is a sequence of flops for K X + ∆ over Z since each ϕ i : X i X i+1 is a flip over Z and K X i + ∆ i is trivial over the extremal contraction of the (i+ 1)-th step of the log MMP. Fix 0 ≤ i < l and consider the (i + 1)-th step of the log MMP
g ′ i : X i+1 → V i is the flip of g i , and (iii) the whole diagram is a flop for K X i + ∆ i over Z.
All we have to prove is that the flop is a symmetric flop and satisfies the property (b) of Theorem 3.4.
We first prove that the flop satisfies the property (b) of Theorem 3.4. By construction, the pair (X i , ∆ i + ǫA i ) is lc and −(K X i + ∆ i + ǫA i ) is ample over V i . We take an ample
is an ample R-Cartier divisor over V i (for property of being R-Cartier, see [HH, Remark 6.1 (2)]), and the pair
is lc, we see that the flop satisfies the property (b) of Theorem 3.4.
Next, we prove that the flop is a symmetric flop. By (i), it is sufficient to prove that g ′ i is an extremal contraction. By property (b) of Theorem 3.4 and [F1, Theorem 13.1], for any Q-Cartier divisor D i+1 on X i+1 , if D i+1 ≡ V i 0 then D i+1 ∼ Q,V i 0. Pick any two Cartier divisors G 1 and G 2 on X i+1 . Since ρ(X i /Z) = ρ(X i+1 /Z) from our assumption, the linear map ϕ i * :
By condition (i), there are a 1 , a 2 ∈ Q, which are not both zero, such that a 1 B 1 ∼ Q,V i a 2 B 2 . Then we obtain
This shows that g ′ i : X i+1 → V i is an extremal contraction. We finish the proof. Proof of Theorem 1.1. It immediately follows from Theorem 3.4 and Lemma 2.5.
Proof of Theorem 1.2. Firstly, we prove the first assertion of Theorem 1.2. We only prove the existence of a small Q-factorialization of X ′ under the assumption on existence of a small Q-factorialization f : W → X because the another direction can be proved similarly. We put Γ = f −1 * ∆. Then (W, Γ) is lc since K W + Γ = f * (K X + ∆). By taking a common resolution of φ and the negativity lemma, we have a(P, X, ∆) = a(P, X ′ , ∆ ′ ) for any prime divisor P over X. Thus the set φ(U) intersects all lc centers of (X ′ , ∆ ′ ). Let A ′ ≥ 0 be an ample R-divisor on X ′ such that (X ′ , ∆ ′ + A ′ ) is lc, and let A W be the birational transform of A ′ on W .
We show that there is ǫ > 0 such that the pair (W, Γ + ǫA W ) is lc. It is sufficient to prove that SuppA W contains no lc centers of (W, Γ). Pick any prime divisor P over W with a(P, W, Γ) = −1. Then it is easy to check a(P, X ′ , ∆ ′ ) = −1. We denote the center of P on W (resp. X ′ ) by c W (P ) (resp. c X ′ (P )). Then c X ′ (P ) is an lc center of (X ′ , ∆ ′ ) and c X ′ (P ) intersects φ(U).
, so any lc center of (W, Γ) is not contained in SuppA W . Therefore, we can find ǫ > 0 such that (W, Γ + ǫA W ) is lc.
Since W X ′ is small and K X ′ + ∆ ′ + ǫA ′ is ample over Z, the pair (X ′ , ∆ ′ + ǫA ′ ) is the log canonical model of (W, Γ + ǫA W ) over Z. By applying [HH, Theorem 1.7] , we construct a sequence of steps of a (K W + Γ + ǫA W )-MMP over Z
to a good minimal model over Z, and there is a natural birational morphism W ′ → X ′ . It is clear from construction of log MMP that W ′ is Q-factorial and W ′ → X ′ is small. In this way, we see that X ′ has a small Q-factorialization. From now on, we freely use notations as in Theorem 3.4. Next, we prove the second assertion of Theorem 1.2. By property (a) of Theorem 3.4 and Lemma 3.3, we obtain R q f * O X = 0 and R q f ′ * O X ′ = 0 for any q > 0. By relative Leray spectral sequences, there are isomorphisms of sheaves on Z
For each 0 ≤ i < l, we denote the induced morphism V i → Z by π i . To prove the second assertion of Theorem 1.2, it is sufficient to prove the existence of an isomorphism
for any p > 0 and each i. By property (b) of Theorem 3.4 and [F3, Theorem 5.6.4] 
In this way, we get the isomorphism (2). By (1) and (2), the second assertion of Theorem 1.2 holds.
Finally, we prove the third assertion of Theorem 1.2. Pick any Cartier divisor D on X such that D ≡ Z r(K X + ∆) for an r ∈ R. For any 0 ≤ i ≤ l, we denote the birational transforms of D and ∆ on X i by D i and ∆ i , respectively. Suppose that D i is Cartier and D i ≡ Z r(K X i + ∆ i ). Then D i ≡ V i 0 by construction. By property (b) of Theorem 3.4 and [F1, Theorem 13.1], the divisor mD i is g i -globally generated for any m ≫ 0, in other words, the morphism g * i g i * O X i (mD i ) → O X i (mD i ) is surjective for any m ≫ 0. Since D i ≡ V i 0, we see that mD i is linearly equivalent to the pullback of a Cartier divisor on V i for any m ≫ 0. In this way, we can find a Cartier divisor G i on V i such that D i ∼ g * i G i . Then we have D i+1 ∼ g ′ * i G i , thus D i+1 is Cartier, and D i+1 ≡ Z r(K X i+1 + ∆ i+1 ). Since D 0 = f * D is Cartier and D 0 ≡ Z r(K X 0 + ∆ 0 ), we can check by induction on i that the birational transform D ′ on X ′ = X l is Cartier and D ′ ≡ Z r(K X ′ + ∆ ′ ). By property (a) of Theorem 3.4, we may apply Lemma 3.3 to f ′ : X ′ → X ′ and D ′ , then φ * D = f ′ * D ′ is Cartier. Furthermore, we have φ * D ≡ Z r(K X ′ + ∆ ′ ). In this way, the third assertion of Theorem 1.2 holds. We complete the proof.
Proof of Corollary 1.3. By Theorem 1.2, it is sufficient to prove that the lc pairs (Y, Γ) and (Y ′ , Γ ′ ) over Z satisfy the condition of Theorem 1.2. This follows from properties of log MMP, but we write details for the reader's convenience.
We denote the log MMP X Y (resp. X Y ′ ) by ϕ (resp. ϕ ′ ). For any prime divisor P over X, we denote the center of P on X (resp. Y , Y ′ ) by c X (P ) (resp. c Y (P ), c Y ′ (P )). Let V ⊂ X (resp. V ′ ⊂ X) be the largest open subset on which ϕ (resp. ϕ ′ ) is an isomorphism. We note that a(P, Y, Γ) = a(P, Y ′ , Γ ′ ) for any prime divisor P over Y . By definition of log minimal models, a prime divisor D on X is contracted by ϕ if and only if a(D, X, ∆) < a(D, Y, Γ). The same property holds for a(D, Y ′ , Γ ′ ) and ϕ ′ . In particular, D is contracted by ϕ if and only if D is contracted by ϕ ′ . So the induced birational map φ := ϕ ′ • ϕ −1 : Y Y ′ is small, and Γ ′ = φ * Γ. Pick any prime divisor P over Y with a(P, Y, Γ) = −1. Then a(P, X, ∆) = a(P, Y ′ , Γ ′ ) = −1. By a property of log MMP, the equality a(P, X, ∆) = a(P, Y, Γ) holds if and only if c X (P ) ∩ V = ∅. The same property holds for a(P, Y ′ , Γ ′ ) and c X (P ) ∩ V ′ . So we have c X (P )
Then φ is an isomorphism on U. Since c X (P ) ∩ (V ∩ V ′ ) = ∅ for any prime divisor P over Y with a(P, Y, Γ) = −1, we see that U intersects all lc centers of (Y, Γ). Hence (Y, Γ) and (Y ′ , Γ ′ ) over Z satisfy the condition of Theorem 1.2.
Examples
Example 4.1. We give a simple example of two projective (not necessarily Q-factorial) klt log minimal models (X, ∆) and (X ′ , ∆ ′ ) such that the pairs cannot be connected by a sequence of flops.
Let (X, ∆) be a klt pair such that K X + ∆ is nef, X is not Q-factorial and ρ(X) = 1. For example, take X as a normal projective cone over P 1 × P 1 and (X, ∆) as a klt pair such that K X + ∆ ∼ Q 0. Let X ′ be a small Q-factorialization of X, and let ∆ ′ be the birational transform of ∆ on X ′ . Then (X, ∆) and (X ′ , ∆ ′ ) cannot be connected by flops because ρ(X) = 1 which implies that there is no non-trivial morphism from X.
From now on, we construct a diagram to give examples (cf. [Ko, Exercise 96] and [F3, Example 3.13 .9]).
Construction. We put V = P n , and let W be a smooth projective variety such that
We pick an integer m > 0 such that mH V ×W is a very ample Cartier divisor. We consider a P 1 -bundle
Let T be the unique section corresponding to O Y (1), and put
respectively. These morphisms are isomorphisms outside T . By calculations of intersection numbers of curves on Y with those three semi-ample divisors, we see that all curves on Y contracted by g V or g W are contracted by g. So there are birational morphisms π V : X V → X and π W : X W → X such that g = π V • g V = π W • g W . We have constructed the following diagram.
X By construction, the image of T by g is a point. Since the restriction of A Y +f * p * V H V and A Y + f * p * W H W to T are not big, we see that dimT > dimg V (T ) and dimT > dimg W (T ).
Since g : Y → X is an isomorphism outside T , we see that the morphisms π V and π W are small birational morphisms. Then the induced birational map X V X W is small. 
We have constructed the following diagram as Weil divisors. Hence, we only need to show that g W * (p
Then D is Q-Cartier, and therefore X W is Q-factorial.
We put
We use the notation B
Step 3. Thirdly, we show dimH p (X W , O X W ) = dimH p (W, O W ) for any p > 0.
By applying Leray spectral sequence to h W : X W → W , it is sufficient to prove that R q h W * O X W = 0 for any q > 0. Since (X W , 0) is klt, by Kawamata-Viehweg vanishing theorem, it is sufficient to prove that −K X W is nef and big over W . The argument in
Step 1 shows K Y + (1 − 1 m )T = g * W K X W . By (2), we have
Then, by construction of A Y , we obtain
T ) is nef and big over W by (3) and (♠). In this way, we see that −K X W is also nef and big over W and therefore R q h W * O X W = 0 for any q > 0. Then we have dimH p (X W , O X W ) = dimH p (W, O W ) for any p > 0.
Step 4. Finally, we prove that X V is lc Fano.
By (2) and definition of (3) and (4). Therefore, (X V , 0) is lc. Since X V is lc Fano, there is a Q-divisor ∆ X V ≥ 0 on X V such that K X V + ∆ X V ∼ Q 0 and the pair (X V , ∆ X V ) is lc. Let ∆ X W be the birational transform of ∆ X V on X W . Then K X W + ∆ X W ∼ Q 0 and (X W , ∆ X W ) is lc.
From now on, we introduce various examples with this construction.
Example 4.2. First we give a flop for a Q-factorial lc pair which is not symmetric.
Take W as in Construction such that ρ(W ) = 1 and H 1 (W, O W ) = 0, for example, take W as an elliptic curve. We consider the diagram.
We show ρ(X W /X) = 1. The argument in Step 1 shows that any R-Cartier divisorD on X W is R-linearly equivalent to γg W * (p V • f ) * H V + h * WD W for some γ ∈ R and an R-Cartier divisorD W on W . Then ρ(X W ) = 2 since ρ(W ) = 1 from our assumption. We have 1 ≤ ρ(X) < ρ(X W ), so ρ(X) = 1, from which we see that ρ(X W /X) = 1.
By
Step 2, we see that the morphism π W is a g W * (p V • f ) * H V -flipping contraction and π V is the flip of π W . Therefore, the diagram is a flop for K X W + ∆ X W . Moreover, by Step 1, X W is Q-factorial. On the other hand, X V is not Q-factorial. Indeed, with notations as in Construction, pick a non-torsion M ≡ 0 on W and take the birational , Theorem 13 .1] and Step 4. Then h * W M ∼ Q 0, hence M ∼ Q 0 which contradicts our choice of M. Hence X V is not Q-factorial. In particular, the flop is not symmetric by Lemma 2.5. In this way, the above example shows that flops are not always symmetric.
Example 4.3. Next, we introduce an example which shows that the assumption on the existence of an open set U in the hypothesis of Theorem 1.1 and Theorem 1.2 is necessary to obtain the same conclusions as in Theorem 1.1 and Theorem 1.2.
In the same way as in Example 4.2, we take W as in Construction such that ρ(W ) = 1 and H 1 (W, O W ) = 0. We consider the small birational map X V X W and the pairs (X V , ∆ X V ) and (X W , ∆ X W ) which are log minimal models of (X V , ∆ X V ). Firstly, we check that the same conclusion as in Theorem 1.1 does not hold for the lc pairs (X V , ∆ X V ) and (X W , ∆ X W ). Note that all small birational morphisms appearing in the conclusion of Theorem 1.1 are extremal contractions. So, if the same conclusion as in Theorem 1.1 holds for (X V , ∆ X V ) and (X W , ∆ X W ), then the birational transforms of all numerically trivial Q-Cartier divisors by X W X V must be Q-Cartier. As in the argument in Example 4.2, with notations as in Construction, we pick a non-torsion Cartier divisor M ≡ 0 on W , and consider the birational transform M X V of h * W M on X V . As in the argument in Example 4.2, we see that M X V is not Q-Cartier. In this way, the same conclusion as in Theorem 1.1 does not hold for (X V , ∆ X V ) and (X W , ∆ X W ).
Secondly, we check that all the statements as in Theorem 1.2 does not hold for the lc pairs (X V , ∆ X V ) and (X W , ∆ X W ). By Step 1, X W is Q-factorial. Recall that ρ(X W ) = 2, which was proved in argument in Example 4.2. The argument in the previous paragraph shows that X V is not Q-factorial. From these facts, if X V has a small Q-factorializatioñ X → X V , then ρ(X) > ρ(X V ) > ρ(X) = 1. Therefore we have ρ(X) ≥ 3. On the other hand, we have ρ(X) ≤ ρ(X W ) = 2 by Lemma 3.2, which is a contradiction. From this, we see that X V cannot have a small Q-factorialization. In this way, the first assertion of Theorem 1.2 does not hold for (X V , ∆ X V ) and (X W , ∆ X W ).
The variety X V is lc Fano (Step 4), so dimH 1 (X V , O X V ) = 0 by [F3, Theorem 5.6.4 ]. On the other hand, we have dimH 1 (X W , O X W ) = dimH 1 (W, O W ) > 0 by Step 3. Then dimH 1 (X V , O X V ) = dimH 1 (X W , O X W ) and the second assertion of Theorem 1.2 does not hold for (X V , ∆ X V ) and (X W , ∆ X W ).
In the third paragraph we have checked that h * W M ≡ 0 is Cartier but M X V is not even Q-Cartier. So the third assertion of Theorem 1.2 does not hold.
Example 4.4. This example shows that to prove the second assertion of Theorem 1.2, the assumption on existence of an open subset as in Theorem 1.2 is necessary even if both varieties of the lc pairs are Q-factorial.
Take W as in Construction such that Pic(W ) ≃ Z and dimH p (W, O W ) > 0 for some p > 0. For example, we take W as a smooth hypersurface of degree d + 2 in P d+1 for some d ≥ 3 (then Pic(W ) ≃ Pic(P d+1 ) ≃ Z by Grothendieck-Lefschetz theorem, and dimH d (W, O W ) = 1 by K W ∼ 0 and Serre duality). We consider the birational map
Then the lc pairs (X V , ∆ X V ) and (X W , ∆ X W ) are log minimal models of (X V , ∆ X V ), and X W is Q-factorial by Step 1. In the same way as in Step 1, we can prove that X V is Q-factorial. Indeed, with notations as in Construction, for any Weil divisorD on X V we can find a Cartier divisorD ′ on V × W such thatD ∼ g V * f * D′ as Weil divisors. Because Pic(W ) ≃ Z, V = P n , and W is smooth, we can findα,β ∈ Z and a Cartier divisorD V on V such thatα = 0 andαD ′ ∼ p * VD V +βp * W H W as Cartier divisors. Theñ αD ∼ g V * f * (p * VD V +βp * W H W ) = h * VD V +βg V * (p W • f ) * H W as Weil divisors, and the right hand side is Q-Cartier. So X V is Q-factorial. The variety X V is lc Fano by Step 4, then dimH p (X V , O X V ) = 0 by [F3, Theorem 5.6.4 ]. On the other hand, we have dimH p (X W , O X W ) = dimH p (W, O W ) = 0 by our choice of W .
Remark 4.5 (cf. [F3, Example 3.13 .9]). As in Example 4.4, take W as in Construction such that Pic(W ) ≃ Z and dimH q (W, O W ) > 0 for some q > 0. Then it is easy to check that ρ(X V /X) = 1 and the diagram
is a flip for the Q-factorial lc pair (X V , 0). The variety X V is lc Fano by Step 4, but X W is not even lc Fano type, i.e., there is no divisor G ≥ 0 on X W such that (X W , G) is lc and −(K X W + G) is ample. Indeed, if X W is of lc Fano type, then we must have dimH q (X W , O X W ) = 0 by [F3, Theorem 5.6.4] , which contradicts our choice of W . So X W is not of lc Fano type. We have 0 = dimH q (X V , O X V ) by [F3, Theorem 5.6.4] .
In this way, the above flip shows the following facts:
• Flips for Q-factorial lc pairs do not always preserve dimension of cohomology of the structure sheaf, and • Flips for Q-factorial lc pairs do not always keep property of being lc Fano type.
